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Abstract 

The Geometrical Localization mechanism in Randall-sundrum (RS) 
scenarios is extended by considering the coupling between a quadratic 
mass term and geometrical tensors. Since the quadratic term is symmet¬ 
ric, tensors with two symmetric indices have to be taken into account. 
These are the Ricci and the Einstein tensors. For the Ricci tensor it is 
shown that a localized zero mode exists while that is not possible for the 
Einstein tensor. It is already known that the Ricci scalar generates a 
localized solution but the metrics do not. Therefore, it can be conclude 
that divergenceless tensors do not localize the zero mode of gauge fields. 
The result is valid for any warp factor recovering the RS metrics at the 
boundaries, and therefore is valid for RS I and II models. We also com¬ 
pute resonances for all couplings. These are calculated using the transfer 
matrix method. The cases studied consider the standard RS with delta¬ 
like branes, and branes generated by kinks and domain-wall as well. The 
parameters are changed to control the thickness of the smooth brane. We 
find that, for all cases considered, geometrical coupling does not gener¬ 
ate resonances. This enforces similar results for the coupling with the 
Ricci scalar and points to the existence of some unidentified fundamental 
structure of these couplings. 
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1 Introduction 


Since the introduction of one compact extra dimension in General Relativity by 
Kaluza and Klein in the 20’s, the interest in this subject has oscillated during the 
last century l][2 . The attention to the use of compact extra dimensions changed 
in the late 90’s when membranes were proposed in the string theory context as 
a contour condition for open strings [^|^. The main result of these studies is 
the conception of a high dimensional space with extra dimensions where the 
four dimensional world being a surface. In this direction, at the beginning of 
this century, Randall and Sundrum (RS) proposed two models with warped 
geometry in AdS space and delta-like branes [^|^. The so called type I model 
is compact with Z 2 symmetry and was posed to solve the hierarchy problem. 
The type II is an alternative to compactification, with a large extra dimension. 
The addition of large extra dimensions brings a new problem: the confinement 
of the fields in the membrane. If the fields are not confined and able to scape 
to the extra dimensions this would be observed in the four dimensional world. 
In these models the confinement of the fields are treated in a very different way 
than in KK compactification, since the fields can not be expanded in discrete 
modes. However, one can make a standard separation of variables, in the five 
dimensional field equations, and obtain an one dimensional Schrodinger-like 
equation where the eigenvalues are the mass of the field under consideration. 
Since the free action is quadratic in the fields, the confinement is related to 
the square integrability of the solution to the Schrodinger-like equation. The 
zero mode of the gravity field was shown to be localized by RS, providing a 
consistent massless theory of gravity in four dimensions. However, it was shown 
in the original paper that the zero mode of the gauge field is not localized due to 
its conformal invariance. As a consequence this became a drawback of the type 
H model. For non-abelian gauge fields the problem is even worse. For this case 
there are cubic and quartic terms, and if one uses a standard gauge invariant 
theory in the bulk, the gauge invariance will be lost in four dimensions during the 
process of dimensional reduction since for the zero mode J ^ J ^ / ' 0 ^- 
No matter the zero modes are localized or not, resonances can be seen over 
the membrane as possible unstable massive modes. This has been considered in 
a seminal paper in the same year of the original RS paper , and was done by 
the construction of a smooth version of the model to treat the singularity. After 
this, other smooth versions have been considered such as topological defects 
and kinks [8 -24 and resonances has been computed. On this subject, a series 
of papers proposed a tool, commonly used in condensed matter, to analyze 

25p7l. 

Despite the complicated 


resonances: the transfer matrix method 
of resonances has been observed very clearly 28 29 


form of the effective potential in smooth versions, analytical solutions has been 
found 30 , and it was soon generalized 31 32 . With this solution the Transfer 


Matrix Method was tested and show to agree with the analytical results. 

Using a different approach, many models has been proposed to solve the 
problem of zero mode localization of the U{1) gauge field. Most of them use 
new degrees of freedom, and although consistent, this seems unnatural 33- 
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35 . In the search for models without new degrees of freedom, Oda proposed 
that a topologically massive gauge field could solve the problem of zero mode 
localization 36 . However, a massive gauge field is obtained over the membrane. 
Following this, recently Ghoroku et al. proposed the addition of two terms 
to the action: a standard mass term and a boundary mass term 37 . By 


tuning the parameters, a localized zero mode is obtained. Recently, this model 
was generalized to include p— form fields and resonances was computed by the 
present authors 38 . In all this models, although the five dimensional gauge 


invariance is lost in five dimension, it is recovered for the zero mode in four 
dimensions. But, soon it became clear that this mechanism does not work for 
non-abelian gauge fields and Batell et al. has shown that a boundary coupling 


to the field strength is also necessary 39 


Although the Ghoroku et al. and Batell et al. models provided the local¬ 
ization of the zero mode for gauge fields, it was not clear what was the origin 
of such couplings. The origin of these couplings were recently proposed 40 


where the first was obtained by coupling the mass term with the Ricci scalar. 
Both of the Ghoroku et al. model terms can be naturally generated when delta 
like membranes were considered. More than just generating the right couplings, 
it was discovered that the model also provided a simple analytical solution for 
the zero mode of the Schrodinger-like equation. Such analytical solution has 
the property of being valid for any conformal metric, being therefore valid for 
both. Type I and II RS scenarios. The interesting fact about this solution is 
that no degree of freedom was added, providing a more natural extension of the 
original RS model. Because of this, the mechanism has been called ’’Geomet¬ 
rical Localization”. Interestingly, the same mechanism was proven to work for 
p—forms and Elko spinors 41-43 . Moreover, by tuning the value of the cou¬ 


plings, analytical solutions were also found to these cases and localization of the 
zero mode was reached. With this generalization, a consistent vector field can 
be obtained from the dimensional reduction of the two-form field in five dimen¬ 
sions. Apparently the addition of a non-minimal coupling with gravity seems 
to bring a bunch of interesting new results to the RS scenario. For example, 
in a recent paper the present authors realized a detailed study of resonances 
and obtained another very curious numerical result: Geometrical Localization 
do not generate resonances for the p—forms 44 . This is very curious since this 


is not the common behavior in theses scenarios. 

When considering non-abelian fields the localization problem is not solved 
by coupling the mass term with the Ricci scalar. For completeness of the Ge¬ 
ometrical Localization model, it should be possible to find a geometrical origin 
of the Batell et al. model, which couples the field strength with the boundary. 
In fact, the gravity origin of this coupling has been proposed recently in 45 


based on a non-minimal generalization of the gauge held proposed some time 
ago by Horndeski 46 . However, the model does not provide the localization of 


the zero mode. To solve this, a recent paper proposed a model which introduces 
the Horndeski coupling plus the coupling with the mass term 47 . With this 


we get a model that reduces to the Batell et al. model when a delta like brane 
is considered. Just as before, this model also provides analytical solutions, for 
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arbitrary warp factor, to the zero mode of the Schrodinger-like. In this way, the 
problem of zero mode localization of U{N) gauge helds is solved, providing a 
consistent gauge invariant theory in four dimensions for Type I and II RS mod¬ 
els. An important point to be considered is that if the model is valid beyond hrst 
approximation. If we consider the full theory the coupling with Ricci scalar will 
be a function of the brane coordinates and this would spoil gauge invariance. 
In a recent manuscript 48 we showed that when we consider the full theory in 
fact gauge invariance is broken throughout an effective mass term. Since the 
Ricci scalar is coupled to the square of the gauge field, we will have a term 
proportional to R{x)A^ over the brane. Therefore the effective mass is given by 
m-^ = (h/c)-\/R/4. Using Einstein equation we know that R = SGttGp/c^ -|-4A. 
Where p is the density of energy and A is the cosmological constant. This is very 
small and far below the present experimental upper bounds of the photon mass, 
m^. For example, for the solar wind magnetic field B ^ 10“T, which yields 
the lower present experimental constraint (m-y ^ 10~^^kg) 50 51 , we find that 
the photon mass is rrij = 2 x 10“^^ kg, considering the solar magnetosphere as 
a perfect fluid in the Minkowskyan vacuum. This guarantees the validity of the 
model. Despite the fact that we have not carefully analyzed the non-abelian 
case we can estimate the consistence with experimental bounds. In our recently 
published paper 48 , we have estimated the photon mass in the environment of 
a neutron star core as being 10“^^ kg. However, we may think that such a 
mass is more appropriated related to the gluon one, since in that medium pre¬ 
vails this particle as well as quarks (e.g., quark-gluon plasma). We can compare 
this with the upper bounds for the gluon mass obtained in the literature, which 
go from 10“4° to 10-30 kg 


49 


Therefore, the estimation based on our model 
satisfactorily suits to these limits. 

In this manuscript we put forward the effort to understand the structure 
of Geometrical Localization. For this we generalize the previous coupling of 
the mass term with the Ricci scalar 


40 


This is done by considering all the 
geometrical tensors which can be coupled with a mass-like term. Since this 
term is quadratic and symmetric one must consider tensors with two symmetric 
indices. The possibilities are the Ricci tensor R^^ and the Einstein tensor 
qMN^ .j-jyg localizability of the zero mode of the gauge and of the 

reduced scalar fields can be studied. A detailed study of the massive modes by 
computing the resonances using the Transfer Matrix method is also performed. 

The paper is organized as follows. The second section presents a short review 
of the Geometrical Localization mechanism with the Ricci scalar and how the 
transversal and longitudinal components of the gauge fields can be decoupled 
to obtain the Schrodinger-like equation. In the third section all the needed 
geometrical objects used in the manuscript will be computed explicitly . The 
fourth section considers the coupling of the Ricci tensor with the mass term and 
solve the mass equation analytically for the zero mode. In the fifth section we 
study the resonances for this coupling, considering three types of warp factors. 
In the sixth and seventh sections perform the same steps to the coupling with 
the Einstein tensor. Finally in the eighth section we present the conclusion and 
perspectives. 
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2 Review of the Geometrical Localization mech¬ 
anism 


In this section a short review of the Geometrical Localization mechanism is 
presented 40 . This mechanism has been achieved by considering the addition of 


a coupling between a mass term of a vector field and the Ricci scalar. Therefore, 
in five dimensions the gauge invariance is lost. This also breaks the conformal 
symmetry of the gauge field. However, it has been shown that a massless, gauge 
invariant, zero mode of the vector field can be obtained over the membrane. 
Below we describe how this can be reached. The action is given by 


SA = -f 

+ ljBg^^XMX^) ( 1 ) 

where Xm is the vector field, Ymn = QmXn — duX^, the metric g^^ is 
defined by ds^ = {dx^dx^ + dz^) and R is the Ricci scalar. The equations 

of motion are therefore 

dM{^/^gg^°9^^Yop) = jV^Rg^^Xp. ( 2 ) 

The task now is to show that the above equations will provide a localized zero 
mode. For this we must show that the transversal and longitudinal components 
of the vector field are decoupled. First of all, from the antisymmetry of Eq. ([^ 
we obtain the divergenceless condition dNi^—gRX^) = 0. Then split the field 
in two parts X^ = X^ + Xl^, where L stands for longitudinal and T stands 
for transversal with X!^ = {Sf^ — and X'^ = X'^. With this and 

= X^ — 9^$ we can show the following identities 

= UX!^.- = X/ + yI^-Y f = —5^Y^5, (3) 

where $ = X^, the prime means a 2 derivative and all lower dimensional indexes 
will be contracted with 77 ^^, and the divergenceless condition can be written as 

e^^Rd^X^ = -{e^^R^y. ( 4 ) 

This is an equation relating the scalar field and the longitudinal component of 
the vector field being crucial for the modes decoupling. Now the Eq. ([^ can be 
divided in two. Eor N = 5 


df,Y^^ - = 0 (5) 

and for N = p we get 

e^axjy + {e^dXJyy - 'je^^RXiy + {e^Yl^y - -fe^^RXy = 0 . ( 6 ) 
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Using now Eqs. (§, 0 and ^ we get 

and we finally obtain from Eq. 0 the equation for the transverse part of the 
gauge field 

e^nx!y + {e^dXJyy + -fe^^RXiy = 0 . 

Now by separating the z dependence like X!y = X!y'tjj{z), using R = —4{2A''+ 
and performing the transformation tp = we get the desired 

Schrodinger equation with the potential 

C/=(i_12q)yl'2 + (i-87M", (7) 

which is localized for 7 = 1/16 with solution e^. For the scalar field we must 
be careful since we have 


□$ - {df^Af^y - -fRe^^<4> = 0 . 


Performing the separation of variables $ = d'(z)(/)(a;), defining di' = 
and using Eq. Q we get a Schrodinger equation for the massive mode of the 


scalar field with a potential given by 40 


1 


1 


u =- {iA' + (In Ryf - - (3A" + (In R)") + -fRe 


2A 


With this potential we see that the zero mode of the scalar field solution is 
localized for 7 = 9/16. This shows us that we cannot have both fields localized. 

When considering the reduced scalar field an equation will appear through¬ 
out the manuscript, therefore lets manipulate it in the general form 

a(e(-/-=^)a(e(9+"^)4')) + h4> = (8) 


or 


-4-" -{2g- f + cA)'4'' - {{g + ca)'e(3-^))' -b h)4/ = 

If we compare with the identity found in we get P = —{2g — f + ca)), 
V = —((g + caye^^~^y' — h and Q = With this we obtain 

fj •y _ 

— = Q{y), ip{y) = n{y)il;{z), 

with 

Q(^y) = e-H9-f)^ U(y) = 

and the potential 

U{z) = V{y)/e^ + {P'{y)n'{y) - n"{y)) /U02. 
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With our definition we see that 


n' = 



If + = eis-i/+^^((-/ - cAr^g + ca)-i)"r!, 


and the final form of the potential is 

C/(z) = - ^ (cA + 1 (/ + 5))" + J (cA + /)'2 - 1 (g - /)'2. 

Before considering the generalization to other couplings, in the next section 
we must yet review and obtain the necessary geometrical objects to be used in 
the manuscript. 


3 Geometrical Tensors in RS Scenario 

Due to the variety of geometrical objects needed in this manuscript we use this 
section to obtain them. The metric is given by dx^ from 

where 

ri5 = yi',r5, = -AVrL = ^^^'. 

and the components of the curvature tensor are 

— 0; e , — A C (fi) 

leading to the Ricci tensor and scalar 

= -r]^,AA" + 3A'2),R55 = -4A",R = -e-^^{8A" + 12A^). (10) 

The other tensor that will be used in this manuscript is the Einstein tensor 
that now can be easily obtained 

G 55 = 6A'^; + A'^). (11) 

In subsequent sections we will consider warp factors which asymptotically 
recovers the RS metric, namely A(z) = — ln(fc| 2 :| + 1). Therefore, we also give 
here explicitly all the geometrical quantities for this case. First we should note 
that 

A = —k6{z)e^-, A” = — 2k6{z)e^, 

and we get, by using the fact that f{x)6{x) = f{0)6{x), 

Rfiuad — R^dL'd — Xj^iyG- {k 2kd(^z')^j Rfj,i^ct0 — k 6 (xji^aXl^jS 

From the above we get 

R,j.i^ = -il^,ue'^^{-2k5{z) + 4A:^),R55 = -(4fc^ - 8M(z))e^^, 

and 

R = 16M(z) - 20fc2. 
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Due to the simplicity of the expressions (10 1 and (111 we can yet simplify it 
relating to trace expressions by 


= = ( 12 ) 

and 

, G 55 = e^^GV (13) 

Where we have used a bar to indicate that an index has been raised with 

namely 

(14) 

and 

G“ „ = ff'^"G^,;G% = g'^5G55. (15) 

The relation between objects with and without bar is given by T“ ^ = 
g- 2 Aya i^ext section we must use the above results to study a variety 

of geometrical couplings giving localized modes for the fields. 


4 The Coupling to the Ricci Tensor 

In this section we show that the longitudinal and transversal parts of the gauge 
field decouples, and we also analyze the localizability of the zero mode. The 
study of the massive modes will be left to the next section. The action considered 
in this case is given byQ 

Si = -j - Y / ( 16 ) 

In the above action 71 is the coupling constant. In this and in the next section 
we are going to use subscripts in order to avoid confusion. With this we get the 
equations of motion 

dM{^99^°9^^Yop) = 1 i^99^^9^^^RomXp, (17) 

and from the antisymmetry of Y we get the divergence condition 

dN{V^9^°9^^RoMXp) = 0 . (18) 

Since the gauge freedom is lost, one must be careful in dealing with the above 
equations. First, for N = v and using Eq. 0 we get 

e^d^Y>^'' + d{e^Y^'') = Jle^R''^X^^, 

where for TV = 5 we obtain 


d^{Y^^) = 

^Here the signal used is different than the one in [4l| for the mass term. That does not 
change the result. 
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In the above equations we have used our previous definition A® = $. From 
now on all the indices will be raised with 77 ^'^. The divergence condition becomes 

We have to point that, just as in Ref. |^, we must show that the longitudinal 
part decouples from the transversal one as defined in Section two. Using the 
identities ([^ we see that our equations of motion become 

= 0, (19) 


and 


e^UX^ + d {e^dX^) - 'y^e^R'^^Xl^ + d{e^Yl^) - = 0 . 

Now using the last identity of (|^ and Eq. (19) we get the identities 


and 

die^Y^n = -d{e^Y^^) = -^r-d{e^R%^) = 7ie^-a.(R';X“). 

At this point we see that it is not trivial to obtain the desired result. The 
only way for obtaining it is if the condition 




( 20 ) 


is satisfied. This is true for this case since from Eq. (12) we have 


R" = R 


P 4 ^ 


and it can be verified easily that the condition (20) is in fact valid. With this 
results we then get the identity 

d{e^Yl^) = 7ie^i?'(,^(9.X^) = lie^R^^Xl = ^e^R^^Xl, 

and therefore we obtain for the transverse gauge field the equation after using 
again ( 12 ) 


+ a (e^aXf) - 7 ie 


rP 


X^ = 0 . 


The mass equation is obtained in the standard way by separating X!^ = 
X^{xP)'i!{z) and is given by 


rp 

e-^d {e^d'^) - 7i^«' = 


( 21 ) 






and the Schrodinger equation is obtained by the transformation 'I' = e ^ ip with 
potential 


U = + ^A" + = 3j,)A'^ + (i - j,)A". (22) 

Using the ansatz ip = we can see that, for 71 = —2, we have a localized 
mode zero solution given by 
For the scalar field we have 


□$ - ddf,X>^ - = 0 . 


(23) 


We can see that the above equation is also not trivially decoupled from 
component since the divergence equation now do not involves the term 
However by using identity (12) we see that 

and the divergenceless condition becomes 


-^d,X^ = -e 


-A- 


d(e^R\X^). 


Now by separating $ = ^cj){z) in (23) we get 

^-3A 


Ad[A^d(e^^RlP)] - iie^^RU = -m^<k 


2A n5 ■ 


R 


and comparing with our expression (j^ with c = 3, / = Ini?^ and g = In/Jg we 
obtain 

U{z) = i (3H+ln (3A+ ^ (In i?^^+ln ^1))"-^ (In R^^)'^+ 7 ie^^Rl. 

(24) 

Despite the fact that we have not been able to find an analytical solution 
to the zero mode of the above potential. We still can obtain some results. An 
interesting fact about this potential is that in the limit z —>■ oo we get that 
In R^^ and In R^ are constants and the potential reduces to the asymptotic form 

U(z) = ^A'2-(^+47i)A". 

Therefore, we see that this term is identical to the case with the R coupling, 
but the mass term is different. The localized solution for the above equation is 


both fields with this coupling. This enforces our previous results that we just 


obtained with 71 = —| and is given by It is clear that we can not localize 


can localize one of the fields 40,41 
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5 Resonances for the Ricci Tensor Coupling 

In this section we compute the transmission coefficient for massive modes in 
some brane scenarios. The presence of resonances peaks in the transmission 
coefficient indicates the existence of unstable massive modes. Except for the RS 
model, which can be solved analytically, all others were made using the transfer 
matrix method. 


5.1 The Randall-Sundrum scenario 

The first brane scenario that we will study is the Randall-Sundrum scenario. 
Despite the singularity this scenario has a historical importance and serves as 
an important paradigm in physics of extra dimensions and field localization. 
The warp factor of this scenario in a conformal form is given by 


A{z) = — In [k\z\ -b 1]. (25) 

In this case the components of Ricci tensor are 

=-16fc2-b8M(z), (26) 

Rl = -Ak'^ + m{z). (27) 


For the transversal part of p-form the potential of Schrodinger equation, Eq. 
(22), is given by 


and was illustrated in fig. for some p-forms. For the massive case eq. ( [2l] ) 
provides the solution 


il){z) = {k\z\ + lf/‘^[CiJv{mx\z\ + mx/k) + C 2 Y^(mx\z\ + mjc/fc)], (29) 


where Ci and C 2 are constants and v = (2p -b l)/2 . Since the Bessel functions 
goes to infinity as {mx\z\ + mxlk)~^/‘^, no fixation of constants Ci and C 2 
produces a convergent solution. Then the massive modes are non-localized. To 
obtain more information about massive modes we evaluate the transmission 


coefficient. For this we will write the solution (29) in the form 


tl){z) = 


E^{-z) -b (7F„{-z) 

7FAz) 


for z < 0 
for z > 0 


(30) 


where 


Eu{z) =-^{mxz + mxlkY/'^H^\mxz+ mx/k) (31) 

F^{z) = ^{mxz + mx/k)'^^‘^H//-\mxz + mx/k), (32) 
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Figure 1: Plot of Schrodinger potential for gauge field in Randall-Sundrum 
scenario with fc = 1. 


and and are the Hankel functions of first and second kind respectively. 
The boundary conditions at z = 0 imposes 


7 = 


W{E„F,){0) 


2F],(0)FK0) + 2pkF^(0)^ 


(33) 


where W{Fi,, F^){0) = £'y(0)F)((0) — i?(,(0)Fj,(0) is the Wronskian at z = 0. 
Since it is constant in Schrodinger equation the transmission coefficient can be 
written as 


T=|7p = 


m 




(34) 


|F,(0)F'(0)+pAiF2(0)p- 

The transmission coefficient was plotted in fig. [^as function of energy for some 
p-forms and do not show peaks, indicating no unstable massive modes. 

For the scalar held in Randall-Sundrum scenario the potential of Schrodinger 


equation, (24), can be written as 


C/(z) = 


35/c2 


4(fc|z| -I- 1)2 


— 13fcd(z). 


(35) 


Since Rreg in RS scenario is a constant, it does not contribute to the potential. 
The potential for (p— l)-form is the same of p-form, changing only the boundary 
condition, the behavior of massive modes are the same, i.e, non-localized. The 
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Figure 2: Transmission coefficient for gauge field in Randall-Sundrum scenario 
with fc = 1 as function of energy, E = 


transmission coefficient was illustrated in fig. shows the same behavior of the 
gauge field. 


5.2 The brane scenario generated a domain-wall 


In order to solve the singularity in RS models, some models with smooth branes 
appears. Now we compute the transmission coefficient for a smooth brane pro¬ 
duced by a domain-wall [^[^. The warp factor, 


A{z) 


1 

2n 


In 


{kzf^ + 1 


(36) 


recovers the Randall-Sundrum metric for large 2 and n € N*. This brane 
scenario produces the following components of Ricci tensor 

RP = -4/c2(fcz)2"-2 -h 1) {4{kzf^ -2n+l) (37) 

RI = -4yfc2(/tz)2"-2 ((fc^)2" + 1) s-2 _ 2n + 1) . (38) 

Using this metric in Eq. ( [2^ we obtain the Schrodinger’s potential for 
transversal part of p-form 


U{z) 


5fc^(A:z)^” (7{kz)'^^ — An + 2^ 

4 {{kzy^ + 1)^ 


(39) 
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Figure 3: Transmission coefficient for scalar field in Randall-Sundrum scenario 
with fc = 1 as function of energy, E = uiq. 

which was illustrated in fig. |4(a)|for some values of n. 




Figure 4: (a) Schrodinger potential in smooth scenario generated by domain 
walls for some values of parameter n. (b)Transmission coefficient in smooth 
scenario generated by domain walls for some values of parameter n as function 
of energy, E = . 

The massive modes solutions for the transversal gauge field can not be found 
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analytically. To obtain information about this state we use the transfer matrix 
method to evaluate the transmission coefficient. The behavior is illustrated in 
fig. |4(b)| for some values of parameter n, where there are no peaks indicating 
the absence of unstable modes. 


For the reduced scalar held the potential is given by eq. (24). Because the 


components of the Ricci tensor vanishes vanishes at regular points near to the 
origin for all values of parameter n, the potential diverges at these same points. 
These kind of divergence does not allow us to use the transfer matrix method to 
compute the transmission coefficient, and to evaluate the existence of unstable 
massive modes. 


5.3 The brane scenario generated a kink 


Another smooth brane scenario is generated by a kink 25 . The warp factor is 
given by 

A{y) = —4 In cosh y — tanh^ y, (40) 

where the variable y is related to the conformal coordinate, z, by 

dz = e~^^^^dy. (41) 


The potential’s behavior of the gauge held transversal part, eq. (22), with the 
above warp factor is illustrated in hg. |5(a)[ For massive modes, like in previous 
sections, we use the transfer matrix method to compute the transmission coef- 
hcient. The result is plotted in hg. |5(b)| The hgure does no exhibit resonance 
peaks. 




(a) 


(b) 


Figure 5: (a) Schrodinger potential in kink scenario for gauge held, (b) Trans¬ 
mission coefficient in kink scenario for gauge held as function of energy, E = . 


For the reduced scalar held the potential is given by eq. (241. Like the previous 
case the components of the Ricci tensor vanishes at regular points near to the 
origin, the potential diverges at these same points. These kind of divergence 
does not allow us to use the transfer matrix method to compute the transmission 
coefficient and to evaluate the existence of unstable massive modes. 
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6 The Coupling to the Einstein tensor 

In this section we try to generalize the results obtained in the previous section to 
more general tensors. The covariant possibilities are the Ricci tensor , the 
curvature tensor ji^npq Einstein tensor . The curvature tensor 

would need a fourth order interaction term generating a nonlinear equation 
and we do not consider it. Therefore, we are left with the possibility of the 
Einstein tensor G^^. This tensor is a combination of the cases considered 
previously. Since G^^ is the only possible combination of R and R^^ 
with null divergence. We can analyze our results for two kinds of tensors: 
and G^^ with null divergence, and g^^R and R^^ with non null divergence. 
The action is given by 


= - f gPQYMpYNQ 

-fJd^xV^G^^XMXM. (42) 


The Einstein tensor is just a combination of the Ricci tensor and Ricci scalar. 
Using also the fact that G^^ satisfies a decoupling condition similar to (20) 




we get that the longitudinal and transversal parts that can be easily decoupled 
by following the same steps as before. Therefore, we just have to sum the 
effective potentials to get 

C/=(^+372)^'" + (^ + 372)A". (43) 


The condition for localization is 72 = 0 and therefore we get a non-localized 
zero mode. Now we must consider the scalar field. Again the case is very similar 
to the one of the last section. We just need to change R°‘^ —>■ G°‘^ and R% G% 
to get the final effective potential 

U{z) = -- (3A+- (In G^+ln ^ 5 ))"+ - (3A+ln ^ (1^^ Gg-ln G^)'^+ 72 e^"^G 5 . 

(44) 

Just as in the last cases we did not find an analytical solution. However 
we can study localizability by studying its asymptotic behavior. Again we have 
that for large 2 , G^ and Gf are constants and we get 

G(z) = (®+ 672)A'2-2^". 

We get 72 = 0 as a solution and we can not localize the scalar field. Despite the 
fact that the zero mode is not localized, in the next section we must consider 
the resonances for this kind of coupling. 
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7 Resonances for the Einstein Tensor Coupling 

Since the zero mode of gauge field coupled with Einstein tensor is non-localized 
there is no fixation of the coupling constant. Therefore the coupling with Ein¬ 
stein tensor has a free parameter. Despite the fact that the zero mode is not 
localized we can study the dependence of the resonances of the massive modes 
on this parameter. The curious fact is that this coupling modifies the model in 
such a way that no resonances is found for any value of 72 . Unlike the previous 
case, the coupling constant must to be positive to provide a positive maximum 
for the potential and a positive asymptotic behavior. 


7.1 The Randall-Sundrum scenario 


As in the case of coupling with Ricci tensor, we first compute the transmission 
coefficient in RS scenario, because this is the only case that can be solved 
analytically. The warp factor of this scenario in a conformal form is given by 


A(z) = — In [k\z\ -I- 1 ]. 
In this case the components of Einstein tensor are 

= 24k^ - 2AkS{z), 
Gl = 6k^ - 12k6iz). 


(45) 

(46) 

(47) 


For the transversal part of p-form the potential of Schrodinger equation, eq. 
(43), is given by 




(48) 


and was illustrated in fig. |^for some p-forms. For the massive case Eq. (21 1 
provides the solution 

ip{z) = {k\z\ + iy^^[CiJ^{mx\z\ + mx/k) + G2Y^{mx\z\ + mx/k)], (49) 

where Ci and G 2 are constants and v = 1 /I + 672 . Since the Bessel functions 
goes to infinity as {mx\z\ + mxlk)~^/‘^, no fixation of constants Gi and C 2 
produces a convergent solution. In the same way of Ricci tensor case, we can 
write the transmission coefficient in an analytic form 


^ |2F,(0)E'(0) + :z2fcF2(0)|2- 

The transmission coefficient was plotted in fig. as a function of energy for 
some p-forms and do not show peaks, indicating none unstable massive modes. 
For the scalar field in Randall-Sundrum scenario the potential of Schrodinger 
equation, (44), can be written as 


TT ^ \ + 2472)^^ 

= 4(tW + l)^' - 


(51) 
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Figure 6: Plot of Schrodinger potential for gauge field in Randall-Sundrum 
scenario with fc = 1. 


Since Greg in R-S scenario is a constant, its does not contribute to the potential. 
The potential for {p— l)-form is the same of p-form, changing only the boundary 
condition, the behavior of massive modes are the same, i.e, non-localized. The 
transmission coefficient was illustrated in fig. shows the same behavior of 
gauge field. 


7.2 The brane scenario generated by a domain-wall 

Following the scheme used in Ricci tensor coupling, the first smooth brane 
scenario is the one produced by a domain-wall 20 52 . The warp factor. 


A{z) = — — In 1 

2n L 


(52) 


which recover the Randall-Sundrum metric for large z and n G N*. This brane 
scenario produces the following components of the Einstein tensor 

gI = 12z2”"2 (z^" -f 1) (2 z2" -2n+l) (53) 

Gl = 6z 2”-2 (^2" -H 1) (z^" -2n + l). (54) 

Using this metric in eq. ([4^ we obtain the Schrddinger’s potential for the 
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(a) (b) 



(c) 

Figure 7: Transmission coefficient for gauge field in Randall-Sundrum scenario 
with fc = 1 as function of energy, E = m\. (a) For 72 = 0. (b) For 72 = 2. (c) 
For 72 = 5. 


transversal part of p-form 

z 2 n -2 (' 48^2 _ 4 ( 24 ^^ + 1 )„ + ( 96^2 + 3 )^ 2 " + 2 ) 


U{z) = 


4 ( 2 ; 2 ’^ + 1 ) 


(55) 


which was illustrated in fig. 9(a) for some values of n with 72 = 2 and in fig. 
|9(b)| for some values of 72 with n = 1. 

The solution of massive modes for the transversal part of the gauge field can 
not be found analytically. To obtain information about this state we use the 
transfer matrix method to evaluate the transmission coefficient. The behavior 
is illustrated in fig. | 10 (a)|for some values of parameter n with 72 = 0 and in fig. 


10(b) for some values of the coupling constant 72 with n = 1. Both figures do 


not exhibit peaks, indicating the absence of unstable modes. The inset in the 
figure shows that the peak for 72 = 5 is not a resonance. 


For massless modes of reduced scalar field the potential is given by eq. (44). 
Because the components of the Einstein tensor, Eqs. (53) and (54), vanishes 


18 




















Figure 8 : Transmission coefficient for scalar field in Randall-Sundrum scenario 
with fc = 1 as function of energy, E = m\. (a) For 72 = 0. (b) For 72 = 2. (c) 
For 7 i = 5. 


at regular points near to the origin for all values of parameter n, the potential 
diverges at these points. These kind of divergence does not allow us to use the 
transfer matrix method to compute the transmission coefficient and to evaluate 
the existence of unstable massive modes. 


7.3 The brane scenario generated by a kink 

Finally we compute the transmission coefficient in another smooth brane sce¬ 
nario, one generated by a kink [25] . The warp factor is given by 

A{y) = —4 In cosh y — tanh^ y, (56) 


where the variable y relates with the conformal coordinate, z, by 

dz = e~^^^^dy. 


(57) 


The behavior of the potential of the transversal part of p-form field, eq. (43), 
with the above warp factor was illustrated in fig. 5(a) For massive modes. 
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Figure 9: Schrodinger potential in smooth scenario generated by domain walls, 
(a) For some values of parameter n with 72 = 2. (b) For some values of coupling 
constant 72 with n = 1 . 




(a) (b) 

Figure 10: Transmission coefficient for gauge field in brane scenario generated 
by domain-walls as function of energy, E = (a) For some values of n with 

72 = 0. (b) For some values of coupling constant 72 with n = 1. As showed in 
detail the peak for 72 = 5 is not a resonance. 


like in previous sections, we use the transfer matrix method to compute the 
transmission coefficient. The results are plotted in fig. |5(b)[ and exhibits a 
smooth behavior, indicating the non existence of unstable massive modes. As 
showed in detail the increases of probability near to if = 100 is not a resonance 
peak. For the scalar field, like the previous case, the components of Einstein 
tensor vanishes at regular points, making the potential divergent at this same 
points. These kind of divergence does not allow us to use the transfer matrix 
method to compute the transmission coefficient and to evaluate the existence of 
unstable massive modes. 
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(a) (b) 

Figure 11: (a) Schrodinger potential in kink scenario for gauge field for some 
values of coupling constant 72 . (b) Transmission coefficient in kink scenario for 
gauge field as function of energy, E = m\. As showed in detail the peak for 
72 = 5 is not a resonance. 

8 Conclusions 

In this paper we have generalized the geometrical localization mechanism. The 
strongest point of the model is that it solves the problem of gauge field lo¬ 
calization without the addition of new degrees of freedom. The generalization 
was made by considering other kinds of couplings to the mass term of a vec¬ 
tor field. Since the mass term is quadratic and symmetric, we must consider 
only tensors with two symmetric indices. The possibilities are the Ricci and the 
Einstein tensors. Since the mass term breaks gauge invariance we must show 
that it is recovered for the zero mode. For this we first split the vector field in 
its transversal and longitudinal components. For both couplings we then show 
that the components are decoupled in the equations of motion. This provides 
a consistent four dimensional, gauge invariant, equation of motion for the zero 
mode of the vector field. After this we analyzed the localizability of this zero 
mode. This is important for both RS models, providing a consistent way of 
obtaining a four dimensional, gauge invariant action, from a bulk action. We 
discovered that the Ricci tensor provides us with a localized zero mode if we fix 
the coupling constant to 72 = —2. Since the result is valid for any range in the 
integration and for any warp factor it is valid for RS I and II. For the Einstein 
tensor we showed that the solution is not localized. 

Another important point of the paper is the discussion about the kind of 
couplings that can generate localization. The fact that and do not 

generate localized zero modes is at least curious. Both have a null divergence. 
However, R and generate a localized zero mode and these tensors do 
not have a null divergence. The above results points to the fact that tensors 
with null divergence can not generate localized zero modes for the gauge field. 
Perhaps this is pointing to some yet unseen fundamental property of this kind 


21 





of coupling. Until a prove of this is found in general, it must be tested case by 
case. 

Despite the fact that the zero modes are localized, unstable massive modes 
can be seen over the membrane. For this analysis we have computed the trans¬ 
mission coefficient using the transfer matrix in order to find resonance peaks 
indicating the existence of these modes. We considered three different brane 
scenarios: Delta-like, Kink-like and Domain-wall-like. The first case considered 
was the coupling with the Ricci tensor. In RS, or delta-like, brane scenario 
the analytical solution of the Schrodinger equation for massive modes shows 
that the transmission coefficient does not exhibits resonance peaks. Also in this 
brane model we showed that the scalar field has no unstable massive modes on 
the brane, i.e, the transmission coefficient does not exhibits resonance peaks. 

Next the smooth scenarios were considered. In booth scenarios the Schrodinger 
equation can not be solved analytically and we used the transfer matrix method 
to compute the transmission coefficient. The results indicated that no unstable 
massive modes of vector field can be found on the brane. Also in smooth branes 
the computational method could no be applied to compute the transmission 
coefficient of scalar field. This is due to the fact that the Ricci tensor vanish 
at regular points in booth smooth scenarios, making the potential divergent at 
these points. 

Finally, the massive modes for the conpling with the Einstein tensor were 
considered. We have shown that this coupling does not localize the massive 
and the zero modes of vector field. Anyway we searched for unstable massive 
modes by computing the transmission coefficient. Since the zero mode is non- 
localized, the coupling constant is not fixed, like in the Ricci tensor case. This 
freedom allowed us to compute the transmission coefficient for some values of 
the coupling constant. Like in previous cases, in RS scenario the transmission 
coefficient could be computed analytically for the vector field and for scalar field. 
Booth coefficients does not exhibits resonances peaks, i.e., no unstable modes 
of these fields can be found on the brane for all parameters used. As before, 
we considered the smooth brane cases. Despite the presence of a most probable 
states for 7 = 5 , the result indicated that no resonance peaks appears for all 
parameters used in the numeric calculation. Like in Ricci tensor coupling case, 
the potential for scalar field diverges at regular points, making impossible the 
use of the transfer matrix method to compute the transmission coefficient in 
booth smooth cases. With all the above calculations got to the conclusion that 
geometrical couplings do not generate resonances. In a previous study some 
of us has considered the resonances for the Ricci scalar case where this same 
pattern has been found. We should point that, just as in the analysis of the 
zero mode, until some general proof of this pattern is found, it must be tested 
case by case. 
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